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I. INTRODUCTION 
If j(z) is an entire function of exponential type t and if( < 111 
for - 00 < x < 00, then it is known that [l; pp. 206--2111 If’(x)1 < 1clt. 
This theorem cannot be extended to meromorphic functions without 
some condition on the distribution of poles. This is shown by the example 
f@= K[(l- ..;.)(l- ..Tid”)-Lj 
n=l 
with 
convergent. This function satisfies 
If( = 1, --<x<cQ, 
lim sup r-lT(r) = 0, 
1+* 
* Presented to the American Mathematical Society, December 9, 1960. 
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where b, = a,, - id,,. Evidently f’(x) will be unbounded if, for example, 
6, + 0. 
In the other direction we prove the following result. 
THEOREM. If f(z) is a meromorphic function which satisfies the followilzg 
conditions: 
(i) lim sup,+o3 r-lT(r, f) = t < 00, 
(ii) (f(x)( GM for - da < x < 00, 
(iii) f(T) has no poles in IIm(z)j < h, 
(iv) L’r”~Im(b,)~/~x - b,12 <A < 00 for - 00 < x < OQ, 
where b,, b,, . , . aye the poles of f(z). Then 
If’(#GK=K(t,M,h,A), - ao<x< 00. 
COROLLARY. If f(z) is a meromorphic function satisfying (i), (ii) and 
(iiia) Ziml/jIm (b,)j = A, < cm, them 
If’(x)1 <K=K(z,M,A,), - m< x< W. 
II. PROOF OF THE THEOREM 
In proving these results we may evidently assume h = 1 and M = 1. 
The proof of the theorem depends on the following formula of Nevanlinna 
[3] for a function f(z) meromorphic in the half-plane Im(z) > 0, with 
zeros a,, and poles b, in this half-plane. 
R 
rsine Y sin 6 
72 + t2 - 2rt cos 0 - R2 + (r/R)2t2 - 2rt cos 8 I 
at 
-R 
4Rr(R2 - r2) sin 0 sin $d# 
[R2 + r2 - 2Rr COS (4 - e)] [R2 + Y2 - 2RY COS (4 + e)] 
z - 6, R2 - 26, 
+ Ai? 1ogqR2R”zb, ’ (l) 
Ib,l < R 
z = 7eio, Im (2) > 0. 
DERIVATIVE MEROMORPHIC FUNCTION 363 
\Ve propose to derive an inequality and allow R to tend to infinity. 
From (ii), with M = 1, the first integral is nonpositive. If R/v is suffi- 
cientlF7 large depending on the choice of F, we have 
using (i) and supposing R sufficiently large. With 2 = x + iy where 
0 < v < 1 and b, = a,, + i/I,, we have 
1% 
since 0 < y < 1 and lx - b,l > 2. Hence 
(3) 
from (iv). Further 
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provided R > 2121. Hence 
Denote by C,, C,, . . . positive constants and let 
Then S(N) 1 0 as N t W. Hence 
M 
2 Pn<CP+ 2 b=C,R+ zP.<C,R+ C2S(K)R2. 
lb,,1 < R R112< lb s 1 < R 
n=K 
Since K = K(R) f 00 with R t co, S(K) = S(K(R)) = S,(R) 4 0, as R 1 cm. 
Hence for R > R&E, Y), we have 
alzl 2 ha< c, R2 
hl < R 
< E 
I 
and so letting R-co, we have from (2)-(5) 
log(f(x+iy)(< 4T+y Y, 
( ) 
O<y<l. 
(5) 
Evidently. we may infer a similar inequality with - 1 < y < 0 and the 
theorem follows on using Cauchy’s formula for f’(x) with the circle of 
integration (2 - XI = 1. 
For the Corollary we note that, since IIm (b,) j > l/A,, we have 
(iii) with 12 = l/A, and (iv) with A = A,. 
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